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ABSTRACT
In this work, we adapt a module for planetary formation within the hydrodynamic
code FARGO3D. Planetary formation is modeled by a solid core accretion scenario,
with the core growing in oligarchic regime. The initial superficial density of planetes-
imals is proportional to the initial superficial density of gas in the disc. We include a
numerical approach to describe the evolution of the eccentricity and the inclination of
planetesimals during the formation. This approach impacts directly on the accretion
rate of solids. When the core reaches a critical mass, gas accretion begins, following the
original FARGO scheme adapted to the FARGO3D code. To exemplify how the mod-
ule for planetary formation can be used, we investigate the migration of a planet in a
two-dimensional, locally isothermal gas disc with a prescribed accretion rate, analyz-
ing the timescale involved in the planetary migration process along with the timescale
for planetary formation. The analysis reveals that the mass of the nucleus must be
close to its critical value when crossing the ice line to avoid the planet’s fall into the
stellar envelope. This will allow enough time for the planet to initiate runaway gas
accretion, leading to a rapid mass increase and entering type II planetary migration.
Key words: Protoplanetary discs – Planet disc interaction – Planet formation
1 INTRODUCTION
According to the core accretion scenario, the formation of a
giant planet begins when a solid nucleus forms by capturing
planetesimals. After reaching a critical mass, the core is able
to capture residual gas from the protoplanetary disc that will
constitute its envelope, thus forming a giant planet (Mizuno
1980; Pollack et al. 1996).
It is known that the gravitational interaction of a gas
disc with a growing planet influences significantly its orbital
parameters (Papaloizou et al. 2007). This happens when a
sufficiently large planet (larger than Mars) produces spiral
density waves in an initially axisymmetric gas disc, break-
ing the symmetry and generating a resulting gravitational
torque (Goldreich & Tremaine 1980; Ward 1986). In gen-
eral, in isothermal discs, a decay of the semi-major axis and
a damping in the eccentricity occur (D’Angelo & Lubow
2010). Planetary migration may occur by means of distinct
processes. One is type I migration, during which energy and
angular momentum of low mass planets are transferred to a
gas disc, causing a rapid migration (Ward 1986, 1997; Pa-
paloizou et al. 2007; Paardekooper et al. 2010). Another is
type II migration, when a massive planet opens a gap in a
? E-mail: luiz.paula@usp.br
gas disc that decreases migration rate (Bryden & Lin 1999;
Crida et al. 2009; Kley & Nelson 2012). Type I migration
is, in general, two orders of magnitude faster than type II
migration (Bitsch & Kley 2010; Baruteau et al. 2014). Ad-
ditionally, there is type III migration regime in which the
surface density distribution of gas in the co-orbital region is
asymmetric, leading to a large torque and which is charac-
terized by extremely short migration timescales (Peplin´ski
et al. 2008; Lin & Papaloizou 2010). In general, type III mi-
gration applies to discs that are relatively massive and to
planets that can only open partial gaps in the gas disc.
An important issue when studying planetary forma-
tion/migration is to relate planetary formation and migra-
tion times to the lifetime of the disc (Lissauer 1993; Mizuno
1980; Mordasini et al. 2010). Numerical simulations indi-
cate that time required to form a giant planet is longer than
the lifetime of the disc. Besides, type I migration can be
very rapid causing planets to fall in the stellar envelope be-
fore their complete formation (Ida & Lin 2008). To avoid a
planet’s fall into the stellar envelope, one possible solution
would be that the growing planet gains enough mass to en-
ter type II migration regime. In this scenario, the ice line
position in the disc plays an important role. Indeed, when
a planet crosses this threshold during its inward migration,
the superficial density of solids decreases drastically, making
c© 2019 The Authors
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it difficult for the planet to gain enough mass to initiate gas
accretion and enter type II migration (Fortier et al. 2013).
Many works concerning planetary formation use analyt-
ical developments to describe planetary migration (Guilera
et al. 2010; Fortier et al. 2013). In general, for type I mi-
gration, analytical descriptions are limited to scenarios that
are based on physically simple gas disc models, which al-
low hydrodynamic equations to be linearized (Meyer-Vernet
& Sicardy 1987; Tanaka et al. 2002). The situation is more
complicated when dealing with type II migration, since the
planet’s large mass creates a gap in the disc around the
planet’s orbit producing a nonlinearity and, consequently,
making it very difficult to obtain an analytical prescrip-
tion (Bryden & Lin 1999). Moreover, analytical approaches
are often inadequate when dealing with planetary migration
due to several effects associated with the thermodynamics of
the gas disc (Paardekooper et al. 2010; Ben´ıtez-Llambay &
Masset 2016). Thus, a numerical approach using hydrody-
namic simulators, such as FARGO3D (Masset 2000; Ben´ıtez-
Llambay & Masset 2016), ZEUS (Stone & Norman 1992),
PLUTO (Mignone et al. 2012), among others, becomes es-
sential to study more realistic planetary migration scenarios,
considering a wide range of physical conditions for the gas
disc.
It is worth noting that few hydrodynamic simulators
dealing with planet-gas disc interaction have models for
planetary formation. Even when they have such models, in
general, they only consider accretion of gas by giant plan-
ets (Kley 1999), while not taking into account accretion of
solids and gas for low-mass planets. This may be because
the formation of planetary cores is usually modeled through
N-body simulations, which, together with a hydrodynamic
code, results in high computational costs.
In this work, we propose an approach that com-
bines a statistical model for the solid core formation with
FARGO3D hydrodynamic code, allowing us to significantly
reduce computational costs, while reproducing results of N-
body simulations. Specifically, the model for accretion of
planetesimals is based on the works of Guilera et al. (2010)
and Fortier et al. (2013), which use a statistical model to
determine the accretion rate of planetesimals (Inaba et al.
2001).
By implementing a planetary formation model in
FARGO3D hydrodynamic simulator we are able to study,
simultaneously, planetary formation and migration. In par-
ticular, in order to exemplify how the module for planetary
formation can be used, we analyze the timescale involved in
the migration process in conjunction with the timescale for
planetary formation. This analysis reveals that, for the set
of parameters chosen in this work, it is possible to obtain a
planet’s growth timescale shorter than the timescale for mi-
gration, even when the planet crosses the ice line during its
inward migration. We show that, for planetesimals of radius
∼0.1 km, it is possible to obtain planets that grow up to ap-
proximately 5 times the mass of Jupiter in regions between
0.5 au and 1 au in times shorter than the estimated lifetime
of the gas disc (∼10 Myr). This result was obtained using a
fixed ice line position, defined by the values of temperature
and pressure of the gas disc model in FARGO3D.
We remark that, the ice line position can evolve with
time (Martin & Livio 2012, 2013). Also, it is known that ac-
cretion of peebles (solid material with sizes between cm and
mm) has an important impact on planetary formation (Lam-
brechts & Johansen 2014; Guilera 2016; Johansen & Lam-
brechts 2017). However, cores with a few Earth masses have
a planetary envelope that could destroy these pebbles be-
fore they reach the nucleus (Venturini et al. 2015). A model
for peeble’s accretion, for thermal effects and for the ice line
evolution will be explored in future work.
In summary, this paper introduces a module for plan-
etary growth model incorporated into FARGO3D hydrody-
namic code. Our module comprises a statistical model for
fixed-size planetesimals accretion and a model for gas ac-
cretion, allowing to investigate planetary migration along
with planetary formation. To exemplify how the module for
planetary formation can be used, we study the migration
and formation of a planet in a two-dimensional isothermal
disc with the ice line at a fixed position.
This paper is organized as follows. In Section 2 we de-
scribe the setup for the gas disc in FARGO3D hydrody-
namic code. In Sections 3 and 4, we describe the models
for solids and gas accretion, respectively, incorporated into
FARGO3D. In Section 5, we discuss the results obtained,
starting with the formation of a stationary solid core and
continuing with the formation of a giant planet, also sta-
tionary. Following, we analyze the case in which the planet
is allowed to migrate and discuss the relation between the
position of the ice line and the critical mass of the solid core.
In Section 6, we present the conclusions.
2 SETUP FOR THE GAS DISC IN FARGO3D
In this work we use the hydrodynamic code FARGO3D
(Ben´ıtez-Llambay et al. 2015). We opt for this code ver-
sion because it makes it possible to implement a model for
planetary formation using GPU computing, thus reducing
computational cost.
We use the same setup from DePaula & Michtchenko
(2018): we assume a thin two-dimensional gas disc (with
vertical scale height, H, much smaller than its radius), lo-
cally isothermal and with viscosity given by the parameter α
from Shakura & Sunyaev (1973). The star, with M? = 1M,
is positioned at the origin of a cylindrical coordinate system,
and the disc extends from 0.52 au to 10.4 au (0.1 to 2.0 in
code units) (DePaula & Michtchenko 2018).
We use an equally spaced hydrodynamic grid with res-
olution of 582 × 1346 cells. To test if the chosen resolution
is adequate, we start with a low resolution and increase it
until the results obtained in Section 6 for the final mass and
final position of a migrating planet differ in less than 5%.
Moreover, it is important that there are enough cells inside
the Hill region of the planet during the runaway gas accre-
tion regime to ensure consistent results in this phase. A test
regarding the resolution during the gas accretion regime is
included in Appendix A.
It is worth mentioning that the influence of the reso-
lution during planetary migration can be studied in further
detail considering the number of cells in the half-horseshoe
width region (Paardekooper et al. 2010, 2011). This study
could be especially important for migrating low mass plan-
ets. However, such investigation is beyond the scope of this
paper, which is meant, mainly, to present the planetary for-
mation module. Future work will deal with a moving mesh,
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so it will be possible to analyze more carefully the transition
between migratory regimes during the planetary formation
process.
As in Du¨rmann & Kley (2015), the radial component of
the gas initial velocity is
vr = −3
2
αh2rΩK, (1)
while its angular component is
vθ =
√
1− 3h
2
2
rΩK, (2)
where h corresponds to the disc aspect ratio (h = H/r =
0.05) and ΩK =
√
GM?/r3 is the Keplerian orbital fre-
quency of the gas at position r. The disc has an initial surface
density of gas given by
Σgas =
m˙
3piαh2
√
(GM?)
r−1/2 = Σ0r
−1/2, (3)
with Σ0 denoting the surface density of gas at r = 1 code
units (corresponding to 5.2 au) and m˙ the gas disc accre-
tion rate. Equations 1, 2 and 3 describe a stationary ac-
cretion disc with constant accretion rate (Du¨rmann & Kley
2015). Following DePaula & Michtchenko (2018), we use α
= 0.003 and m˙ = 10−7 M/year to calculate Σ0 for the
disc’s standard set up. Using equation 3, we obtain Σ0 =
8743.4 kg ·m−2.
We choose the same boundary conditions used in Du¨r-
mann & Kley (2015). As in DePaula & Michtchenko (2018),
we disable the damping of the surface density in FARGO3D
to avoid gas accumulation at the inner boundary and allow
gas to flow freely. In this setup, the planet’s initial mass
is small. So, disc stabilization occurs very quickly. Particu-
larly, we use a relaxation time of approximately 100 orbital
periods for disc stabilization.
3 SOLID ACCRETION RATE: OLIGARCHIC
GROWTH REGIME
3.1 Initial surface density of solids and feeding
zone
Following Alibert et al. (2005); Fortier et al. (2013), the
initial superficial density of solids, Σm, is assumed to be
initially proportional to the initial surface density of gas,
Σg, that is,
Σm = fD/GfR/IΣg , (4)
where fD/G is the gas and dust ratio in the disc, which, in
general, scales with the star metallicity varying from 0.003 to
0.125 (Fortier et al. 2013). As per default we adopt fD/G =
0.03, chosen to reduce computational time and to facilitate
comparison with the literature. The factor fR/I takes into
account the degree of condensation of material due to the
distance to the star. Following Fortier et al. (2013), we adopt
fR/I = 1 beyond the ice line, and fR/I = 1/4 inside the ice
line. The position of the ice line depends on the height of
the disc and the stellar radiation (Min et al. 2011). In our
model, we choose to use a fixed position of 3.0 au, which
was obtained by analyzing the standard disc temperature
and pressure (see Section 2). Also, we consider that the ice
line does not evolve over time and there is no condensation
nor sublimation of ice. These aspects are expected to be
considered in future work.
As in Fortier et al. (2013), we consider the disc of plan-
etesimals to be composed by rocky and icy planetesimals
with fixed size, assumed to be spherical with constant den-
sity. In particular, we assume that rocky planetesimals have
a mean density of 3.2 g/cm3 and are located between the
disc’s innermost boundary and the ice line. On the other
hand, we assume that icy planetesimals have a mean density
of 1 g/cm3 and are located between the ice line and the disc’s
outermost boundary (Fortier et al. 2013). A model that con-
siders planetesimals with different sizes (Guilera et al. 2010)
will be explored in future work.
Following Alibert et al. (2005), planetesimals which can
be accreted are those located in the protoplanet’s feeding
zone that consists of a ring around its orbit, with a width of
(b/2)RH on each side of the orbit, where b is the width of the
feeding zone, and RH ≈ ap (Mp/3M?)1/3 is the Hill radius
of the planet of mass Mp. In this work, we adopt b = 10.
The surface density of planetesimals in the feeding zone
changes as a result of the accretion onto the planet. Indeed,
for each cell within the feeding zone, in each step dt of the
hydrodynamic code, the surface density of solids is reduced
by
Σm = Σm(0) − M˙coredt
2piapbRH
, (5)
where Σm(0) is the superficial density of solids in the cell,
M˙core is the accretion rate of solids and ap is the distance
from the protoplanet to the star.
3.2 The accretion rate of solids
In our model for accretion of solids, a nucleus with initial
mass Mcore grows by accreting planetesimals of radius rm
and mass m in each step dt of the hydrodynamic code.
Adopting the particle-in-a-box approximation (Chambers
2006), the solids accretion rate can be written as
dMcore
dt
=
(
2piΣm
Porbital
)
Pcoll, (6)
where Σm is the mean azimuthal superficial solids density
in the planet’s feeding zone (see Section 3.1) and Porbital
is its orbital period. The collision rate Pcoll corresponds the
probability with which a planetesimal is accreted by the pro-
toplanet. It depends on the relative velocity between the
planetesimals and the protoplanet, which, in turn, depends
on the planetesimals’ eccentricities and inclinations (Fortier
et al. 2013). In this work, e and i represent, respectively, the
root mean square of the eccentricity and of the inclination
of planetesimals inside the feeding zone. It is known that
planetesimals are found in different velocity regimes, known
as high, medium and low. Each regime leads to different col-
lision rates. Applying Inaba et al. (2001), the mean collision
rate can be approximated by
Pcoll = min(Pmed, (P
−2
high + P
−2
low)
−1/2) , (7)
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with
Phigh =
(Rcap + rm)
2
2piRH
(
F (β) +
6RHG(β)
(Rcap + rm)e˜2
)
, (8)
Pmed =
(Rcap + rm)
2
4piRH
2 i˜
(
17.3 +
232RH
Rcap + rm
)
, (9)
Plow = 11.3
(
Rcap + rm
RH
)1/2
, (10)
where rm is the radius of planetesimals, Rcap is the capture
radius of the protoplanet (see Section 4), e˜ = ape/RH is
the reduced root mean square of the eccentricities, and i˜ =
api/RH is the reduced root mean square of the inclinations.
Moreover, β = i˜/e˜, with F (β) and G(β) well-approximated
by
F (β) =
1 + 0.95925β + 0.77251β2
β(0.13142 + 0.12295β)
, (11)
G(β) =
1 + 0.3996β
β(0.0369 + 0.0048333β + 0.006874β2)
, (12)
for 0 < β 6 1, which is the range of interest for this work
(Chambers 2006).
The solid core grows until all material is depleted from
within the feeding zone or until it reaches a mass Msca
for which planetesimals are ejected. Following Ida & Lin
(2004a), we use
Msca =
2RcorefcapM?
ap
, (13)
where Rcore is the geometric radius of the core and fcap =
0.1.
3.3 Evolution of the root mean square
eccentricity and inclination
Equations 8, 9 and 10 depend on the root mean square of
the eccentricity (e) and of the inclination (i) of planetesimals
inside the feeding zone. Following Fortier et al. (2013), we
consider two different cases for the evolution of e and i.
In the first case, called equilibrium scenario, e and i are
estimated assuming the gas drag instantaneously balances
the stirring due to the protoplanet (Thommes et al. 2003).
Thus,
e = 2i = 1.7
m1/15Mcore
1/3ρ
2/15
m
b1/5C
1/5
D ρ
1/5
gasM
1/3
? a
1/5
p
, (14)
where b is the width of the feeding zone, m is the mass of the
planetesimal, Mcore is the mass of the solid core, ρm = 3.2
g/cm3 is the bulk density of the planetesimal before the
ice line (after the ice line, ρm = 1.0 g/cm
3), ρgas is the
volumetric density of gas and CD is the drag coefficient,
which is of the order of one.
Since we perform a 2D simulation within the 3D
FARGO3D code, the volumetric density of gas is not com-
puted directly. We replace its value by an estimate which
results from integrating the hydrostatic equilibrium equa-
tion obtained for an isothermal disc (Armitage 2010), such
that
ρgas =
1√
2pi
Σgas
hr
, (15)
where Σgas is the surface density of gas at r.
In the second case, called the out of equilibrium sce-
nario, the eccentricities and inclinations evolve according to
deij
2
dt
=
(
deij
2
dt
)
gas
+
(
deij
2
dt
)
grav
, (16)
diij
2
dt
=
(
diij
2
dt
)
gas
+
(
diij
2
dt
)
grav
, (17)
where the first terms represent the gas drag and the second
terms are the viscous stirring produced by an embryo of mass
Mcore, with subscripts i and j refering to the cell position.
Therefore, in this case, specific values for the eccentricity
and the inclination are obtained for each cell. Then, the
root mean squares of eccentricities and of inclinations (e
and i) in the feeding zone are calculated. In this work, we
disregard interactions between planetesimals because they
do not affect significantly how e and i evolve (Fortier et al.
2013).
The drag force experienced by a spherical body de-
pends on the relative velocity with respect to the gas and
the mean free path of a molecule of gas, λ = (nH2σH2)
−1.
There are three different regimes corresponding to how drag
force acts on a planetesimal. First and second regimes,
known as quadratic and Stokes regime, respectively, occur
for planetesimals with radius larger than the mean free path,
rm & λ. The criterion proposed by Rafikov (2004) is used
to identify these two regimes. This criterion characterizes
these regimes using the molecular Reynold number Remol =
vrelrm/νgas, where νgas = λcs/3, vrel = vk
√
5/9e2ij + 1/2i
2
ij
(vk is the Keplerian velocity in the cell) and cs is the velocity
of the sound in the cell.
For Remol > 20 and rm > λ, the quadratic regime oc-
curs. Thus
de2ij
dt
∣∣∣∣
drag
= − 2e
2
ij
τdrag
(
9
4
η2 +
9
4pi
ξ2e2ij +
1
pi
i2ij
)
, (18)
di2ij
dt
∣∣∣∣
drag
= − i
2
ij
τdrag
(
η2 +
1
pi
ξ2e2ij +
4
pi
i2ij
)
, (19)
where ξ = 1.211 (Inaba et al. 2001), η is given by (Takeuchi
& Lin 2002),
η =
(
h
r
)2
(p+ q + γ
z
h
), (20)
where p = ϕ (two-dimensional disc) and q = 2.0γ − 3.0 ,
with γ = 0 defining the disc curvature and ϕ = 1/2 giving
the initial surface density curve (see Eq. 3).
Besides that, τdrag is given by (Chambers 2006):
τdrag =
8ρmrm
3CDρgasvK
. (21)
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On the other hand, for Remol < 20 and rm > λ, Stokes
regime occurs. Then
de2ij
dt
∣∣∣∣
drag
= −3
2
λcsρgase
2
ij
ρmr2m
, (22)
di2ij
dt
∣∣∣∣
drag
= −3
4
λcsρgasi
2
ij
ρmr2m
. (23)
Finally, when rm < λ, a third regime, called Epstein
regime, takes place. In this case
de2ij
dt
∣∣∣∣
drag
= −e2ij csρgas
ρmrm
, (24)
di2ij
dt
∣∣∣∣
drag
= − i
2
ij
2
csρgas
ρmrm
. (25)
The eccentricities and inclinations of planetesimals are
also influenced by the protoplanet’s gravitational potencial.
According to Ohtsuki et al. (2002), this effect is described
by
de2ij
dt
∣∣∣∣
VS,M
=
(
Mcore
3bM?Porbital
)
PVS, (26)
di2ij
dt
∣∣∣∣
VS,M
=
(
Mcore
3bM?Porbital
)
QVS, (27)
where PVS and QVS are functions of e˜ij , i˜ij and βij , and are
given by

PVS =
[
73e˜2ij
10Λ2
]
ln (1 + 10Λ2/e˜2ij)+[
72IPVS(β)
pie˜ij i˜ij
]
ln (1 + Λ2) ,
QVS =
[
4˜i2ij + 0.2˜iij e˜
3
ij
10Λ2e˜ij
]
ln (1 + 10Λ2e˜ij)+[
72IQVS(β)
pie˜ij i˜ij
]
ln (1 + Λ2),
(28)
with Λ = i˜ij(e˜
2
ij + i˜
2
ij)/12. Functions IPVS and IQVS can be
approximated to 0 < βij 6 1 by

IPVS(βij) ' βij − 0.36251
0.061547 + 0.16112βij + 0.054473β2ij
,
IQVS(βij) ' 0.71946− βij
0.21239 + 0.49764βij + 0.14369β2ij
,
(29)
where βij = i˜ij/e˜ij .
As the distances between protoplanet and planetesimals
increase, the excitation produced on planetesimals’ eccen-
tricities and inclinations decreases. Following Guilera et al.
(2010), we use

(
de2ij
dt
)eff
grav
= f(∆)
(
de2ij
dt
)
grav
,(
di2ij
dt
)eff
grav
= f(∆)
(
di2ij
dt
)
grav
,
(30)
Table 1. Initial values of e obtained using Eq. 14 and Eq. 32 for
each size of planetesimals
rm Eq. 14 Eq. 32
0.1 km 0.0050 0.00010
1 km 0.0079 0.00065
10 km 0.013 0.0041
100 km 0.020 0.025
where f(∆) ensures that the perturbation is bounded within
a neighborhood of the protoplanet and is given by
f(∆) =
[
1 +
(
∆
nRH
)]
. (31)
In this work, we adopt n = 5 and we define ∆ as the
radial distance between the center of the cell containing the
protoplanet and the center of the cell used to calculate evo-
lution (Guilera et al. 2010).
To solve equations 16 and 17, we need to specify initial
conditions for e0 and i0. Following Fortier et al. (2013), we
consider two possibilities: the first set of initial conditions is
given by the value corresponding to equilibrium between gas
drag and mutual stirring on the planetesimals, such that
eij = 2iij = 2.31
m4/15Σ
1/5
gasa
1/5
p ρ
2/15
m
C
1/5
D ρ
1/5
gasM
2/5
?
(32)
The second set of initial conditions assumes that the
planetesimals are already excited by the embryo and their
initial eccentricities and inclinations are given by equation
14.
Table 1 summarizes the initial values e in each case, for
planetesimals with rm = 100, 10, 1, and 0.1 km.
4 GAS ACCRETION RATE
When the core reaches a critical mass, Mcorecrit , gas accretion
begins. A set of numerical solutions, based on the physical
structure of the envelope in quasi static equilibrium (Ikoma
et al. 2000), gives an estimation for the core’s critical mass
Mcorecrit ' 10
(
M˙core
10−6 Mearthyr−1
)c(
κ
1 cm2g−1
)c
Mearth ,
(33)
where M˙core is the rate of solids accretion and κ is the grain
opacity in the outermost envelope.
Following Ida & Lin (2004b), we adopt c = 0.25 for the
power law in M˙core, and, considering an abundance of dust
particles similar to the one in the interstellar medium, we
use κ ∼ 1 cm2g−1. This opacity value is debatable, since the
fraction of elements during this phase of planetary formation
is not very well known.
Once Mcorecrit is obtained, the code computes the gas ac-
cretion rate as the minimum between the potential value of
the gas accretion rate (M˙U) and the Kelvin-Helmholtz gas
accretion rate (M˙KH), for a particular time step dt (DePaula
& Michtchenko 2018). For a comprehensive description of
the gas accretion model used in this work, including how
MNRAS 000, 1–12 (2019)
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Figure 1. Formation of a solid embryo at 6 au, without migration. Colors represent planetesimals with different radii (red, 100 km; blue,
10 km; green, 1 km; orange, 0,1 km). The embryo’s initial mass is 0.01Mearth; it is allowed to grow either until it reaches 1Mearth or
until time reaches 1.8× 106 years. The solid line corresponds to the equilibrium scenario (see Eq. 14), while the dashed and dotted lines
correspond to the out of equilibrium scenario for two different initial conditions (Eq. 32 for the dashed line and Eq. 14 for the dotted
line). The top-left panel shows the planet’s mass as a function of time. In the top-right panel, the time evolution of e is shown. The
bottom-left panel shows the same quantity as a function of the planet’s growing mass. The bottom-right panel shows how the accretion
rate of planetesimals evolves with the mass of the planet.
to compute M˙U and M˙KH, we refer the reader to DePaula
& Michtchenko (2018) which deals exclusively with the gas
accretion model used here.
We also consider the capture radius for solids accre-
tion, which has a significant influence on the accretion rate.
In fact, the capture radius takes into account the planetary
envelope, which reduces planetesimals’ velocities and, conse-
quently, increases the domain from which planetesimals can
be accreted. In this work, we follow the model of Ormel &
Kobayashi (2012), in which a low opacity radiative envelope
and an approximation for the planetary envelope structure
are used. The capture radius, Rcap, is given by
Rcap ≈ RB

[
1 +
2Wneb(σa − 1) + log σa
γ
]−1
,
(1 6 σa 6 σ1) ,[
1
x1
+
4(Wneb)
1/3
γ
(σ1/3a − σ1/31 )
]−1
,
(σa > σ1),
(34)
where RB = GMp/γc
2
s (with γ = 1.4) is the Bondi radius
of the planet with the mass Mp and σa is the ratio between
the density required for capturing planetesimals and the vol-
umetric density of gas. According to Ormel & Kobayashi
(2012), we can write
σa =
(6 + e2)rmρm
9RH
, (35)
where rm and ρm are the planetesimals’ radius and volumet-
ric density, respectively.
The magnitude σ1 = 1/(5Wneb) is a dimensionless
quantity defining a transition between gas pressure regimes
(Ormel & Kobayashi 2012) and x1 = R1/RB = 1 +
2Wneb(σ1 − 1) + log σ1 is a normalization parameter of the
radius of the envelope. The envelope’s atmosphere structure
is defined by parameter Wneb, given by
Wneb =
3κBLc
64piσsb
Pgas
GMcoreT 4gas
, (36)
where κB = 0.01 cm
2 ·g−1 is the envelope’s internal opacity,
σsb is the Stefan-Boltzman constant, Pgas is the gas pressure,
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Tgas is the gas temperature and Lc is the luminosity due to
the accretion of planetesimals, which is given by
Lc =
(
GMcore
Rcore
)
M˙core, (37)
where Rcore is the geometric radius of the core.
We remark that, in this work, we consider a simplifi-
cation about the opacity. During the envelope’s formation,
we use a low opacity (κB = 0.01 cm
2 · g−1) to compute the
capture radius for accretion of solids. On the other hand, to
compute the critical mass (κ ∼ 1 cm2g−1), we consider the
opacity in the outermost envelope. This simplification, while
debatable, is needed to deal with how complex this topic is.
For further details, we refer the reader to Movshovitz &
Podolak (2008).
5 RESULTS
5.1 Formation of a solid embryo
In this section, we focus on the initial stages of solids accre-
tion. We are interested in assessing how the size of accreted
planetesimals affects the growth of an embryo. The results
obtained are compared with those obtained by Fortier et al.
(2013).
We analyze the formation of a solid embryo with ini-
tial mass of 0.01Mearth and position fixed at 6 au, that is,
a planet which is not allowed to migrate. The initial den-
sity of solids is set to 244 kg/m2 (see Sec. 3.1). Figure 1
presents some results. The top-left panel shows the mass of
the planet as a function of time. The top-right panel shows
how e evolves as a function of time, while the bottom-left
panel shows the same quantity as a function of the planet’s
mass. Finally, the bottom-right panel shows the accretion
rate of planetesimals as a function of the planet’s mass. Sim-
ulation stops when either the mass reaches 1Mearth or the
formation time reaches 1.8 × 106 years. On all panels, the
families of curves are parameterized by the planetesimals’
radii, associated with the colors shown on the left-bottom
panel.
In order to easily compare these results with Fortier
et al. (2013), we use similar line patterns on all panels of Fig.
1. Solid lines represent the equilibrium scenario, in which
e and i evolve according to Equation 14. For the out of
equilibrium scenario, we solve Equations 16 and 17 using
two different sets of initial conditions for the eccentricity
and inclination of planetesimals, as done in Fortier et al.
(2013). Dashed lines illustrate the scenario corresponding to
initial conditions given by Equations 32, while dotted lines
describe the scenario obtained for initial conditions given by
Equation 14. The second set of initial conditions describes
a hot disc, in which the eccentricities and inclinations have
already been excited by the embryo (Fortier et al. 2013).
On the top-left panel of Fig. 1, we note that the time
required to form a solid nucleus with about one Earth mass
is much shorter for small planetesimals than for larger ones.
Indeed, for planetesimals with 100 km of radius, a time of
1.8 × 106 years is not sufficient to form a nucleus of one
Earth mass. On the other hand, for planetesimals with 0.1
km of radius, a nucleus with one Earth mass is formed in
less than 105 years. The same behavior was described by
Figure 2. Evolution of the ratio between the root mean square
of the inclinations and eccentricities in the feeding zone in the
out of equilibrium scenario. Colors represent planetesimals with
different radii (red, 100 km; blue, 10 km; green, 1 km; orange, 0,1
km). Dashed and dotted lines correspond to the out of equilib-
rium scenario for two different initial conditions given by Eq. 32,
(dashed line) and Eq. 14 (dotted line).
Fortier et al. (2013); it occurs because smaller planetesimals
are more affected by gas drag. In fact, the top-right panel in
Fig. 1 shows that, when planetesimals are large, e remains
high during the growth process, making accretion process
much slower.
Comparing our results with those in Fortier et al.
(2013), we obtain, in general, shorter times to form a solid
nucleus, especially with small planetesimals. This is essen-
tially because each work uses different models for the gas
disc and because we use a larger value for the gas and dust
ratio (fD/G = 0.03) in order to reduce computational cost.
However, it is worth noticing that, setting the same param-
eters provided in Fortier et al. (2013), we reproduce their
results, thus validating our model.
The top-left panel of Fig. 1 shows that the equilibrium
and the out of equilibrium scenarios require different times
to form a solid nucleus of one Earth mass, especially when
considering small planetesimals. For example, for planetes-
imals of 0.1 km radius, formation time differs by approxi-
mately ' 1.8 × 105 years, while for planetesimals of 1 km
radius this difference is of about ' 2.2× 105 years. This be-
haviour is also found by Fortier et al. (2013). We also note
that, especially with small planetesimals, the evolution of e
(Fig. 1, top-right) has a strong impact on the rate of accre-
tion of planetesimals (Fig. 1, lower-right).
Figure 2 shows the evolution of the ratio between i and
e in the out of equilibrium scenarios during the solid core
growth. We see that, for small planetesimals, this ratio is
very different from i/e = 0.5 in the equilibrium scenario.
Then, we conclude that the equilibrium scenario works well
for large planetesimals, but the time to form a massive nu-
cleus, in this case, is very high and the formation of giant
planets is compromised.
In general, our results are in good agreement with those
obtained with 1D disc models (Guilera et al. 2010; Fortier
et al. 2013). However, it is worth noting that we developed
a 2D disc model (that could be expanded to 3D), thus, our
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approach can be understood as a first step in the direction
of a more complex modeling.
5.2 Formation of a giant planet
In this section, we analyze the formation of a giant planet,
following the same procedure of Section 5.1, with the same
distribution of solids and the same initial conditions for the
gas disc. However, due to the high computational costs,
we choose a planet with larger initial mass, especifically,
0.1Mearth, fixed at 6 au, which accretes solids until the crit-
ical mass is reached (see Eq. 33), and gas accretion begins.
The simulation is interrupted when the planet reaches
1Mjup or simulation time reaches 1.3× 106 years, estimated
as the remaining lifetime of the disc. In this work, we do not
incorporate photoevaporation of the gas disc, which could
change how much gas is available over time. A function to
simulate this effect will be developed in future work.
Figure 3 is analogous to Fig. 1, but now we allow the
planet to grow up to 1Mjup and take gas accretion into ac-
count. As done in Section 5.1, we use two models for the
evolution of eccentricities and inclinations of planetesimals:
out of equilibrium scenario (dashed and dotted lines in Fig.
3) and equilibrium scenario (solid line in Fig. 3). On all pan-
els, the families of curves are parameterized by the radius of
the planetesimals, with their corresponding colors shown in
the left-bottom panel.
We note that, for planetesimals with radius rm = 10 km
and 100 km, the planet grows at a much slower pace (Fig.
3 top-left). The final mass, attained after 1.3× 106 years, is
0.3Mearth for planetesimals with rm = 100 km radius and
1Mearth for planetesimals with rm = 10 km radius. That is,
for these sizes of planetesimals, it is not possible to form a
planet with mass of the order of Jupiter’s mass (at a fixed po-
sition) during the lifetime of the disc because solids accretion
is a long-lasting stage. Since this stage depends strongly on
the planetesimals’ size, it significantly impacts the planet’s
final mass.
Conversely, for small planetesimals, with radius of rm =
0.1 km and 1 km, once the critical mass is reached, rapid gas
accretion leads to the formation of a giant planet with mass
of about one Jupiter mass. Therefore, we conclude that gas
drag acting on small planetesimals favours the growth of a
solid nucleus up to its critical mass, and that, from this point
on, gas accretion is fast enough to form giant planets. In fact,
when gas accretion begins, the accretion rate of mass grows
abruptly (Fig. 3, bottom-right). It is worth mentioning that
the critical mass depends on the opacity and on the solids
accretion rate (see Eq. 33). Thus, variations of these factors
due to some additional mechanisms, such as contamination
of the planetary envelope, could change its value (Venturini
et al. 2015).
The evolution of e (Fig. 3, top-right) and of the plan-
etary mass (Fig. 3, bottom-left) as a function of time is
similar to that shown in Fortier et al. (2013), that is, we
observe a similar asymptotic behavior of e as a function of
time (Fig. 3, top-right); we also observe a linear behavior of
e as a function of the mass (Fig. 3, bottom-left). However,
there are some differences and one of them is that our model
displays an abrupt transition between solids accretion and
gas accretion stages, while the model in Fortier et al. (2013)
shows a smooth transition because of their equations for the
structure of the planetary envelope. It is worth noting that
our simplification does not significantly interfere on the final
planetary mass, since transition into runaway regime during
gas accretion is very rapid. This behaviour has also been de-
tected by Ronco et al. (2017), which used a transition to gas
accretion similar to ours. Thus, although we use a simplified
model to transition from solids accretion to gas accretion,
our results agree with the literature.
It is worth noting that when the planet’s mass is above
10Mearth, gas accretion begins. This decreases gas density
around the planet, which in turn, causes and abrupt increase
in eccentricity while the core grows. However, there is a phys-
ical limitator at which the solids accretion model stops (see
Eq. 13). So, beyond this limiting mass value, planetesimals
are considered to be ejected and do not contribute to the
core’s formation. So, although the value of e still appears in
the plots after the limiting mass value is reached, planetesi-
mals do not longer influence solids accretion.
Similarly to what we observe when a planet with one
Earth mass is formed (Fig. 1), in Fig 3 we also observe
that the equilibrium scenario and the out of equilibrium sce-
nario differ more significantly for small planetesimals than
for large planetesimals. In fact, for small planetesimals, the
out of equilibrium scenario allows to form a planet with
1Mjup in a shorter time than in the equilibrium scenario. For
larger planetesimals, there is no significative difference re-
garding formation time. Therefore, the equilibrium scenario
is a suitable approximation only for large planetesimals.
Thus, our results in this section show that the planetes-
imals’ size in the gas disc has a strong influence on the final
mass of the planet, to the point of determining whether a
planet becomes a giant planet or not.
5.3 Migration of planets
In this section we complete our analysis allowing the grow-
ing protoplanet to migrate. Figure 4 shows how the planet’s
mass (upper panel) and its radial position (bottom panel)
evolve with time. The protoplanet’s initial mass is 0.1Mearth
and its initial position is 6 au. The growing protoplanet mi-
grates interacting with a gas disc which contains small plan-
etesimals with radius rm = 0.1 km. This setup follows cur-
rent models of planetesimal formation, which indicate that
small planetesimals are predominant in protoplanetary discs
(Simon et al. 2016). The evolution of the eccentricities of
planetesimals is described by the equations corresponding
to the out of equilibrium scenario, using two different initial
conditions, and also by the equation corresponding to the
equilibrium scenario (see Section 3.3). To avoid disc edge
effects and tidal effects due to the host star, the planet is
allowed to migrate only up to 0.7 au. Also, migration is in-
terrupted when a mass equal to 5Mjup is reached; indeed,
once this mass value is attained, the planet enters in type
II migration regime, when its position does not change sig-
nificantly over time. In this work we did not detect type III
migration. An investigation of type III migration during the
planet formation process is left to future research.
Observing Fig. 4, in the equilibrium scenario (solid line),
we obtain a planet with a mass of approximately 5Mjup at
0.73 au, in a time of 6.95× 104 years, for planetesimals with
rm = 0.1 km. Moreover, in the out of equilibrium scenario
and a hot disc (dashed line), the planet reaches a mass of
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Figure 3. Formation of a planet at 6 au, without migration. Colors represent planetesimals with different radii (red, 100 km; blue, 10
km; green, 1 km; orange, 0,1 km). The embryo’s initial mass is 0.1Mearth and it is allowed to grow until it reaches 1Mjup or until time
reaches 1.3× 106 years. The solid line corresponds to the equilibrium scenario (Eq. 14). The dashed and dotted lines correspond to the
out of equilibrium scenario for two different initial conditions (Eq. 32 for the dashed line and Eq. 14 for the dotted line). The top-left
panel shows the planet’s mass as a function of time. The top-right panel shows the time evolution of e. The bottom-left panel shows the
same quantity as a function of the mass of the planet. The bottom-right panel shows the accretion rate, which is the sum of the solids
accretion rate and the gas accretion rate, as a function of the planet’s mass.
5Mjup at 1.1 au, in a time of 1.2× 104 years. For the second
initial condition of the out of equilibrium scenario, which
corresponds to a cold disc (dotted line), the planet reaches
a mass of 5Mjup at 0.9 au, in a time of about 2.3×104 years.
That is, in all three cases, we obtain giant planets close to
the star.
Figure 5 shows the mass of the migrating planet as
a function of its position for all three situations described
above. We observe that the curves present similar behavior
in all cases. Contrarily to Fortier et al. (2013), which uses
an adiabatic disc, we do not observe reverse migration. This
is because our model uses an isothermal disc. For an adia-
batic disc, type I migration could reach a saturated regime,
in which the corotation torque could contribute differently,
altering the migration rate (Dittkrist et al. 2014).
In Fig. 5 we note that, when the planet crosses the ice
line at 3 au, the condensation factor (fR/I) changes, decreas-
ing the amount of material available for solids accretion and
leading to a noticeable drop in the planet’s growth. Despite
this fact, the solid core, which is close to its critical value,
continues to grow and migrates until gas accretion begins.
When the runaway regime for gas accretion begins, plane-
tary mass increases exponentially and the planet enters in
type II migration regime. We observe that, in the equilib-
rium scenario (solid line), the critical mass is about 20Mearth,
while, in the out of equilibrium scenario, the critical mass
doubles its value up to ' 40Mearth, for both hot and cold
disc (dashed and dotted lines). This results are in agree-
ment with the values obtained in the literature, which vary
between 10 and 50Mearth (Ikoma et al. 2000). However, it is
worth noting that the opacity of the envelope could signifi-
cantly alter the critical mass and the onset of gas capture.
We expect to explore these effects in future work.
Figure 6 allows us to relate the growth of the planet
and its migration by comparing the timescales of growth
(τgrowth = M/dMcore) and of migration (τmig = a/a˙) for the
out of equilibrium scenario in a hot disc (dashed line in Fig.
4). It is worth noticing that, when simulation begins, the
planet is very small and has little effect on the gas disc, but
as its mass grows it causes a local destabilization in the gas
disc. This effect implies in a small oscillation of the planet’s
position around 6.0 ua (see bottom frame of Fig. 4). When
we compute the migration rate τmig, a rapid fluctuation of
this measurement is observed due to sudden changes in a˙.
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Figure 4. Time evolution of the planet’s mass (upper panel) and
radial position of the planet (bottom panel) of a migrating planet
with initial mass of 0.1Mearth and initial position of 6 au. The
solid line corresponds to the equilibrium scenario (see Eq. 14).
The dashed and dotted lines correspond to the out of equilibrium
scenario for two different initial conditions (see Eq. 32 for the
dashed line and Eq. 14 for the dotted line).
Figure 5. Mass of the migrating planet as a function of its posi-
tion: equilibrium scenario (solid line), out of equilibrium scenario
and a hot disc (dashed line), and out of equilibrium scenario and
a cold disc (dotted line). The planet starts migrating with mass
of 0.1Mearth at 6 au.
Figure 6. Timescale of the planet’s growth (τgrowth =
M/dMcore; solid line) and timescale of migration (τmig = a/a˙;
dotted line), for the out of equilibrium scenario in a hot disc.
The red dot (to the left) marks the moment at which the planet
crosses the ice line, while the green square (to the right) marks
when gas accretion begins in runaway regime.
This effect, which does not affect the global evolution of the
planet, can be reduced by considering a less massive gas disc
and a smaller initial mass for the planet.
We see that the timescale of migration (solid line) is
larger than the timescale of growth (dotted line) until a
mass of ∼40Mearth is reached. At this point, both timescales
become similar. This is because, until the growing core at-
tains the critical mass, migration rate increases with the in-
creasing mass, while the timescale of growth increases slowly.
When the planet crosses the ice line zone, at 3 ua, we observe
some discontinuity in the smooth evolution of the growth
timescale caused by an abrupt change in solid density inside
the feeding area. This point is marked in Fig. 6 by a red dot.
When the planet crosses the ice line, its core reaches the
critical mass and gas accretion begins, the growth timescale
becomes smaller than the migration timescale; that is, the
planet quickly gains mass and enters type II migration. The
point at which the planet initiates gas accretion in runaway
regime is marked by a green square in Fig. 6.
Since the condensation factor affects how much material
is available for solids accretion, the ice line has a strong effect
in the scenarios described above. Indeed, to avoid that a
planet falls into the stellar envelope, the mass of the solid
nucleus must be close to its critical value when crossing the
ice line zone such that the nucleus will have sufficient time
to reach its critical mass and initiate gas accretion, allowing
rapid mass growth and entry into type II migration.
6 CONCLUSIONS
In this work, we develop a module for planetary formation
within the hydrodynamic simulator FARGO3D, using a solid
accretion model based on Guilera et al. (2010); Fortier et al.
(2013). To exemplify how the module for planetary forma-
tion can be used, we analize the effect of the position of the
ice line during the formation and migration of a planet. The
example given shows that, in order for the planet to enter
into type II migration and to avoid falling into the stellar
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envelope, the mass of the solid nucleus must be close to its
critical mass when crossing the ice line.
Adopting an isothermal gas disc, we simulate the for-
mation of terrestrial planets with initial mass of 0.01Mearth
fixed at 6 au. The results obtained show a strong depen-
dence on the size of planetesimals: planets grow faster when
immersed in regions of smaller planetesimals. This occurs
because gas drag rapidly decreases the root mean square
eccentricities and inclinations of small planetesimals in the
feeding zone, allowing the planet to enter into a runaway
solid accretion regime faster than in the case of larger plan-
etesimals. Indeed, the latter suffer weaker effects from the
gas drag, and maintain their high eccentricities and inclina-
tions for longer time.
We adopt the gas accretion model described in DePaula
& Michtchenko (2018) and, additionally, we calculate esti-
mates for the critical mass and for the capture radius of
planetesimals. It is worth noting that, for this task, the com-
plete gas accretion model would require to solve a system of
equations describing the envelope, leading to higher compu-
tational costs. However, as shown here, our simple alterna-
tive model allows to obtain results which are very similar to
the ones obtained using more refined models (Fortier et al.
2013).
To exemplify an application of the model, we study,
simultaneously, planetary formation and migration. In par-
ticular, we analyze the timescale involved in the migration
process in conjunction with the timescale for planetary for-
mation. This example reveals that, for the set of parameters
chosen in this work, it is possible to obtain a planet’s growth
timescale shorter than the timescale of migration, even when
the planet crosses the ice line during its inward migration.
It also shows that, for planetesimals with radius ∼0.1 km, it
is possible to obtain planets that grow up to approximately
5 times the mass of Jupiter in regions between 0.5 au and
1 au in times shorter than the estimated lifetime of the gas
disc (∼10 Myr).
Besides that, we note that the size of planetesimals has
an important influence on how the semi-axis and the mass of
the planet evolve. This is because their size impacts strongly
on the solids accretion rate and, consequently, on the rela-
tionship between the timescales of formation and migration,
which are strongly coupled.
In order to make our model more realistic, some adap-
tations could be implemented immediately into the model
presented here. The first one is a variable size for the feed-
ing zone. Here, we use a feeding zone that depends on the
Hill’s radius of the planet multiplied by a constant factor
(b = 10). However, the feeding zone could depend on the
eccentricities and inclinations of the planetesimals. The sec-
ond characteristic that could be adjusted in the model, is a
differential distribution of planetesimals, instead of working
with planetesimals of fixed sizes. A differential size distribu-
tion could be important to describe how planetary systems
are formed as discussed in (Guilera et al. 2010).
One important point that should yet be explored is the
evolution of the ice line. In fact, as shown in Section 5.3,
the ice line has a strong effect in planetary formation with
migration. In order for a planet not to fall into the stel-
lar envelope, the mass of the solid nucleus must be close
to its critical value when crossing the ice line, so there is
enough time for it to initiate gas accretion, allowing rapid
mass growth and entry into type II migration.
Moreover, the modeling of an adiabatic disc instead of
an isothermal disc, including heating in the planet’s local re-
gion due to planetary accretion, could bring new interesting
results. Heating could reduce the rate of type I migration
and even reverse migration, as shown in Ben´ıtez-Llambay
et al. (2015). In addition, local heating could be used to ob-
tain radiative feedback, which can be exploited to obtain
observational characteristics (Montesinos et al. 2015).
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APPENDIX A: TEST OF RESOLUTION FOR
RUNAWAY GAS ACCRETION
We recommend the reader some caution regarding grid res-
olution when using the module for planetary formation. It
is known that gas accretion models depend on the number
of cells within the planet’s Hill region. So, it is important to
always choose an adequate resolution according to the case
under investigation.
Figure A1 shows a resolution test for the gas accre-
tion model with no planetary migration. That is, we disable
the solids accretion model, so that the planet gains mass
only through gas accretion. The initial mass of the planet
is 30Mearth and it is fixed at 5.2 au. For the first resolution
(167 × 389) there are 4 cells inside Hill’s region when the
Figure A1. Resolution test for the gas accretion model. The
planet’s initial mass is 30Mearth and the dimensionless time is
defined in terms of the number of orbits of the planet fixed at r
= 1 code units (5.2 au).
simulation begins. This value increases to 12 and 18 for res-
olutions 377 × 875 and 582 × 1346, respectively. Finally,
for the last resolution (700 × 1615), there are 22 cells inside
Hill’s region when the simulation begins. Analyzing Fig. A1,
we see a good agreement between the final three resolutions
up to 650Mearth (w 2Mjup). However, as the planet’s mass
grows, we note that a higher resolution is required for the
results to converge.
In this work, we use an equally spaced hydrodynamic
grid with resolution of 582 × 1346 cells. In Section 5.2 we
choose a planet with 0.1Mearth. The planet, fixed at 6 au,
accretes solids until it reaches its critical mass, when gas
accretion begins. When the planet reaches a mass of about
30Mearth there are 20 radial cells inside the planet’s Hill re-
gion. Therefore, considering that the planet grows to 1Mjup
and comparing with the test performed above, the chosen
resolution is adequate for our analyses.
In Section 5.3 the growing protoplanet is allowed to mi-
grate, so the situation is more complicated. This is because
the planet travels through regions of the gas disc with differ-
ent densities and because the size of the Hill region changes
with the planetary mass and position. So, to test if the cho-
sen resolution is adequate in that case, we start with a low
resolution and increase it until the results obtained for the
final mass and for final position of the migrating planet dif-
fer in less than 5%. Future work will deal with a moving
mesh that fits the region near the planet with a fixed num-
ber of cells, so it will be possible to analyze with more detail
how the resolution influences the gas accretion model during
planetary migration.
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